ABSTRACT. The notion of a relatively uniform convergence (ru-convergence) has been used first in vector lattices and then in Archimedean lattice ordered groups.
Preliminaries
The standard terminology and notation will be used for lattice ordered groups (cf. [1] , [12] , [14] ). The group operation will be written additively.
Suppose that G is a lattice ordered group. Let N be the set of all positive integers, Q and R the additive groups of all rationals and reals with the natural linear order, respectively. If for all 0 ≤ x, y ∈ G, nx ≤ y for each n ∈ N implies x = 0, then G is called Archimedean. Archimedean lattice ordered groups are Abelian ( [14, Lemma 4.1.2] ). An l-subgroup H of G will be called dense if for each 0 < g ∈ G there exists h ∈ H with 0 < h ≤ g.
G is said to be complete if every non-void subset of G bounded from above has a least upper bound in G. An equivalent condition is that every nonempty subset of G bounded from below has a greatest lower bound in G. C . Z a a n e n [21] studied the notions of a uniform convergence and of a relatively uniform convergence of sequences in vector lattices. We recall a modification of these concepts and related results for lattice ordered groups.
In what follows G is assumed to be an Archimedean lattice ordered group.
Ò Ø ÓÒ 1.3º ([19] , [10] ) Let (x n ) be a sequence in G, x ∈ G and 0 < u ∈ G.
We say that the sequence (x n ) u-uniformly converges to x, written x n u → x, if for each p ∈ N there exists n 0 ∈ N such that p |x n − x| ≤ u for each n ∈ N, n ≥ n 0 .
We will refer to u as a convergence regulator.
Ò Ø ÓÒ 1.4º ([24] ) A sequence (x n ) in G is said to be relatively uniformly convergent (ru-convergent) to an element x ∈ G (or x is a limit of (x n )), written Ò Ø ÓÒ 1.8º A sequence (x n ) in G is called relatively uniformly Cauchy (ru-Cauchy) if (x n ) is u-uniformly Cauchy for some 0 < u ∈ G.
Ä ÑÑ 1.9º ([11, Lemma 2.14]) Every sequence in G which is ru-Cauchy is bounded in G.
Let F denote the set of all sequences in G which are ru-Cauchy.
It is easy to prove that if a sequence (x n ) in G is ru-convergent then (x n ) ∈ F (see [11, Corollary 2.12] ). If also the converse holds then G is called relatively uniformly complete (ru-complete).
Š TEFANČERNÁK -JUDITA LIHOVÁ Example 1.10. Let G be the set of all sequences in R with a finite support. If the operation + and the partial order are defined componentwise, then G is an Archimedean lattice ordered group. We intend to show that G is ru-complete.
. . , 0, 0, . . . ). We have to prove that the sequence (X n ) is ru-convergent in G.
. . , 0, 0, . . . ) such that for each p ∈ N there exists n 0 ∈ N with the property
Assuming that i ∈ N, i ≤ i 0 and n ∈ N, n ≥ n 0 are fixed, we get
Under the notations X = (x 1 , . . . ,
. . , u, 0, 0, . . . ) with i 0 copies of u, the elements X and V belong to G and
Ò Ø ÓÒ 1.11º Let H be an Archimedean lattice ordered group with the following properties:
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(ii) For every sequence (x n ) ∈ F there exists x ∈ H such that x n → x(H).
(iii) For every x ∈ H there exists a sequence (x n ) ∈ F such that x n → x(H).
Then H will be called a Cantor extension of G.
Remarkº By using 1.12, the conditions (ii) and (iii) are equivalent to the conditions (ii 1 ) and (iii 1 ), respectively.
(ii 1 ) For every sequence (x n ) in G which is u-uniformly Cauchy for some 0 < u ∈ G, there exists x ∈ H such that x n u → x.
In view of Remark, Definition 1.11 is equivalent with Definition 3.2 of a Cantor extension given in [11] . Cantor extension of G is not ru-complete, in general. A . I . V e k s l e r [24] has proved that Cantor extension of a vector lattice with projections is ru-complete and remarked that the same result is valid for a lattice ordered group with projections (i.e., for a strongly projectable lattice ordered group [1] ).
If x n → 0, then (x n ) is called a zero sequence. Denote by E the set of all zero sequences in G.
Š TEFANČERNÁK -JUDITA LIHOVÁ
We will apply the Cantor sequence completion method to obtain a Cantor extension of G (cf. [11] ).
Let (x n ), (y n ) ∈ F . If the operation + and the partial order are defined componentwise then F turns to an Archimedean lattice ordered group and E becomes an l-ideal of F . We can form the quotient group Ò Ø ÓÒ 1.17º (cf. [3] , [22] ) Let ru(G) be an Archimedean lattice ordered group with the following properties:
Then ru(G) is said to be a relative uniform completion (ru-completion) of G.
Example 1.18. Let G be the set of all eventually constant sequences and H the set of all convergent sequences in R. If the operation + and the partial order are performed componentwise, then H is an Archimedean lattice ordered group and G is an l-subgroup of H. There is established in [11] that G fails to be ru-complete, H is ru-complete and H = G * . Therefore H is an ru-completion
Having shown that G * is a Cantor extension of G (see 1.14), we can find an ru-completion of G. It suffices only to define lattice ordered groups G λ for each ordinal λ ≤ ω 1 (ω 1 is the first uncountable ordinal) as follows (cf. [3] ):
By using the transfinite induction, 1.14 and 1.15, the following results are easy to derive.
Then as a consequence of 1.20 we get:
Let H be an ru-complete Archimedean lattice ordered group and
By the transfinite induction we will prove the assertion
Let λ be a non-limit ordinal, λ > 0. Suppose that there exists an l-iso-
It is easy to see that ϕ λ is correctly defined and that ϕ λ fulfills (δ).
Let λ be a limit ordinal, λ > 0. Assume that for any α < λ there is an l-isomorphism ϕ α : G α → H such that ϕ α is an extension of ϕ β for each β < α. Define the mapping ψ :
Further we define the mapping ϕ λ : G λ → H and prove that ϕ λ fulfills (δ) in an analogous way to the previous case.
Finally, define the mapping ϕ : The result presented in the last theorem is not new, but we have not been able to find its proof in the papers.
Direct factors of G ω 1
Let G be a lattice ordered group and X a subset of G. The set
is called a direct factor of G and G is said to be the direct product of A and B. This is expressed by writing
It is well-known that a convex l-subgroup A of G is a direct factor of G if and only if the following condition is fulfilled:
For each 0 ≤ g ∈ G the set S = {a ∈ A : 0 ≤ a ≤ g} has a greatest element. If A is a direct factor of G and 0 ≤ g ∈ G then the greatest element of S is denoted by g(A) and called the component of g in A.
In this section we continue with the assumption that G is an Archimedean lattice ordered group. It will be shown how to construct an ru-completion of a convex l-subgroup of G that is a direct factor of G. This result will be applied to find an ru-completion of the direct product of lattice ordered groups with a finite number of direct factors.
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Let A be a convex l-subgroup of G. Then c(A) stands for the convex l-subgroup of G ω 1 generated by A, i.e.,
We claim that h is the greatest element of S. Suppose that there exists s ∈ S, h < s. From s ≤ y and s ≤ a for some a ∈ A we obtain s ≤ y ∧ a.
Taking into account that A is a direct factor of G, we get
The proof of 2.1 is similar to that of [18, Proposition 2.6] where the relation between the direct factors in G and G ∧ has been stated. 
Ì ÓÖ Ñ 2.2º Let
(c) Let H be an ru-complete lattice ordered group such that A is an l-subgroup of H and H is an l-subgroup of c(A).
Observe that B τ = G τ ∩ c(A) ⊇ A for any τ < ω 1 . We want to prove that c(A) ⊆ H. It suffices to show that B τ ⊆ H for each τ < ω 1 , because
Assume that x ∈ B τ for some τ < ω 1 . We are going to prove that x ∈ H.
Three cases (α), (β) and (γ) can occur.
Assume that for any λ < τ, B λ ⊆ H is valid. We can assume that x ≥ 0.
Since a ∈ B λ for any λ < τ, for each n ∈ N there exists λ n < τ such that x n ∈ B λ n . The assumption implies that B λ n ⊆ H for each n ∈ N, so (x n ) is a sequence in H.
We prove now that (x n ) is an ru-Cauchy sequence in H. We are looking for a regulator lying in H. Remark that u need not have such a property.
Let p ∈ N. There exists n 0 ∈ N with
for each n ∈ N, n ≥ n 0 and some a ∈ A, i.e., x n a → x. This yields that (x n ) is an ru-Cauchy sequence in H because of a ∈ A ⊆ H.
Taking into account the assumption that H is ru-complete and 1.5 we get
* and x ∈ G τ we deduce that there exist a sequence (x n ) in G τ −1 and 0 < u ∈ G τ −1 with x n u → x. In the same way as in the previous case we construct the sequence (x n ) and prove that x n ∈ B τ −1 for each n ∈ N. Applying the assumption we obtain that (x n ) is a sequence in H. Further, repeating the procedure from (β) we conclude the proof.
Ä ÑÑ 2.3º Let G = A × B. Then G ω 1 = c(A) × c(B).

P r o o f. By 2.1, c(A) is a direct factor of G ω 1 . We wish to prove that (c(A))
δ = c(B) holds. The relation A ⊆ c(A) yields (c(A)) δ ⊆ A δ = B ⊆ c
(B).
To prove the inclusion c(B) ⊆ (c(A))
δ , assume that 0 ≤ x ∈ c(B) and y ∈ c(A). There are elements b ∈ B and a ∈ A with 0 ≤ x ≤ b and 0 ≤ |y| ≤ a.
As a consequence of 2.2 and 2.3 we get:
What has been shown now for two direct factors can be generalized to an arbitrary finite number of direct factors. It is an open question, whether it is possible to generalize this result to an infinite number of direct factors.
ru-completion of a completely subdirect product of lattice ordered groups
Let G 1 be an l-subgroup of G and F 1 (E 1 ) the set of all sequences in G 1 which are ru-Cauchy (zero) (regulators are taken from
1 denotes the element of the quotient lattice ordered group G *
1 is an embedding of the lattice ordered group G * 1 into G * . Hence G * 1 can be viewed as an l-subgroup of G * .
Let I be a nonempty set and let G i be an Archimedean lattice ordered group for any i ∈ I. Assume that G is the direct product of
is an Archimedean lattice ordered group. The component of an element x ∈ G in the direct factor G i will be denoted also by x(i). Let F i (E i ) be the set of all ru-Cauchy (zero) sequences in G i for each i ∈ I. The following lemmas are easy to verify (cf. [11, Lemmas 6.5, 6.6]). In both lemmas we suppose that (x n ) is a sequence in G.
* for any i ∈ I. Define the mapping
Then H is said to be a completely subdirect product of G i (i ∈ I). This notion is due to F (Š i k [23] 
It remains to show that X has an origin in H * under the mapping ϕ * . From
n , x n (j) = 0 for any j ∈ I, j = i, and the element u ∈ G with u(i) = u i , u(j) = 0 for any j ∈ I, j = i. We have 0 < u ∈ H, (x n ) is a sequence in H and (x n ) is u-uniformly
Apparently, ϕ * is an extension of ϕ.
Ì ÓÖ Ñ 3.5º Let ϕ be an l-isomorphism of a lattice ordered group H onto a completely subdirect product of G i (i ∈ I). Then there exists an l-isomorphism ϕ of H ω 1 onto a completely subdirect product of (G i ) ω 1 (i ∈ I).
P r o o f. We first prove the assertion:
( * ) For any ordinal τ < ω 1 there exists an l-isomorphism ϕ τ of G τ onto a completely subdirect product of (G i ) τ (i ∈ I) such that ϕ τ is an extension of ϕ λ for any λ < τ.
Let τ = 0. Since ϕ 0 = ϕ, the assertion ( * ) follows from the assumption. Let τ be a non-limit ordinal. Suppose that ϕ τ −1 is an l-isomorphism of H τ −1 onto a completely subdirect product of (G i ) τ −1 (i ∈ I) and that ϕ τ −1 is an extension of ϕ λ for each λ < τ − 1. Then according to definition of H τ and 3.4, there is an l-isomorphism ϕ τ of H τ onto (G i ) τ (i ∈ I) extending ϕ τ −1 . Therefore ϕ τ fulfills ( * ).
Let τ be a limit ordinal. Assume that for each λ < τ there exists an l-isomorphism ϕ λ of H λ onto a completely subdirect product of (G i ) λ (i ∈ I) and that ϕ λ is an extension of ϕ β for each β < λ. Define the mapping ψ :
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Let i ∈ I and y ∈ i∈I λ<τ
Suppose that y(i) ∈ (G i ) β , β < τ. By the assumption, ϕ β is an l-isomorphism of H β onto a completely subdirect product of (G i ) β (i ∈ I). Hence there exists x ∈ H β with ϕ β (x) = y and so ψ(x) = y.
Therefore ψ is an l-isomorphism of λ<τ H λ onto a completely subdirect prod-
. Definition of ψ implies that ψ is an extension of ϕ λ for each λ < τ. Again, by definition of H τ and 3.4, there exists an l-isomorphism ϕ τ of H τ onto a completely subdirect product of (G i ) τ (i ∈ I) such that ϕ τ is an extension of ψ. Consequently, ϕ τ satisfies ( * ). Applying ( * ) we show that the mappingφ :
Further results on G and G ω 1
In the present section we investigate which properties of G remain valid in Gω 1 . Further, we are interested in the question whether there exists a greatest G-ru-complete convex l-subgroup of a lattice ordered group G. As in earlier sections, the lattice ordered group G is supposed to be Archimedean.
Let D be a subset of G consisting of strictly positive elements of G. If x∧y = 0 whenever x and y are distinct elements of D, then D will be called a disjoint subset of G.
An element 0 < x ∈ G is referred to as basic if the set {g ∈ G : 0 ≤ g ≤ x} is a chain. We will say that a subset B of G is a basis of G if
This contradicts the maximality of B in G.
Let b ∈ B. It remains to show that the set {x ∈ G ω 1 : 0 ≤ x ≤ b} is a chain. Suppose that there are According to 4.2 and 3.5, G ω 1 is l-isomorphic to a completely subdirect product of ( 
It is well-known that an l-homomorphic image of an Archimedean lattice ordered group need not be Archimedean. If each l-homomorphic image of G is Archimedean then we call G epiarchimedean. The convex l-subgroup of G generated by x ∈ G will be denoted by c(x).
The following result has been obtained by P . C o n r a d [7] .
Ì ÓÖ Ñ 4.4º A lattice ordered group G is epiarchimedean if and only if c(x)
is a direct factor of G for any x ∈ G.
If G is epiarchimedean then G ω 1 need not be epiarchimedean.
Example 4.5. Let G be the set of all eventually constant sequences in R. If the operation + and the partial order are defined componentwise then G is an
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Archimedean lattice ordered group. Consider the convex l-subgroup c((x n )) of G generated by the element (x n ) ∈ G. If x n = 0 for each n ∈ N, then c((x n )) = G.
Assume that x n 0 = 0 for some n 0 ∈ N and 0 ≤ (y n ) ∈ G. There exists a greatest element of the set S = (z n ) ∈ c((x n )) : 0 ≤ (z n ) ≤ (y n ) , namely (y n ) with y n = x n if x n = 0 and y n = y n if x n = 0. Therefore c((x n )) is a direct factor of G and by 4.4, G is epiarchimedean.
As observed in Example 1.18, G * is the lattice ordered group of all convergent sequences in R and G * = G ω 1 .
Consider the convex l-subgroup c 1 ((X n )) of G * generated by the element 
has no greatest element. Consequently, c 1 ((X n )) fails to be a direct factor of G * .
Whence by 4.4, G * is not epiarchimedean.
Studying o-convergence in lattice ordered groups, J . J a k u bí k [17] introduced the concept of a complete subset related to the above. By using the same method as applied in [17] , it can be proved:
Ä ÑÑ 4.7º
The following conditions are equivalent:
(ii) =⇒ (i): Assume that every interval of G is G-ru-complete and (x n ) is a sequence in G, (x n ) ∈ F . According to 1. If a convex l-subgroup H of G is G-ru-complete, then H is ru-complete, but not conversely, in general (see Example 4.9 below).
Consider the following condition for a convex l-subgroup H of G.
(I) If (x n ) is a sequence in H, u-uniformly Cauchy for some 0 < u ∈ G, then there exists 0 < u ∈ H such that (x n ) is u -uniformly Cauchy.
There are Archimedean lattice ordered groups with all convex l-subgroups satisfying (I) (e.g., R). Example 4.9 shows that this is not valid in all Archimedean lattice ordered groups.
Example 4.9. Let G be the set of all convergent sequences in R and H the set of all sequences in R with a finite support. If the operation + and the partial order are performed componentwise, G is an Archimedean lattice ordered group and H is a convex l-subgroup of G. By [11, Theorem 4.11] , G is ru-complete. In view of 4.8, H is ru-complete. The sequence (x n ) with x n = (1,
Observe that H does not satisfy (I). 
Let C (G) denote the system of all convex l-subgroups of G. If the system C (G) is partially ordered by the set inclusion, then it is a complete lattice. It is well-known that if {G i : i ∈ I} is a subset of C (G), then i∈I G i is the subgroup of G generated by the set i∈I G i . Now we are interested in the existence of a greatest G-ru-complete convex l-subgroup of G. As shown by the example, such a convex l-subgroup need not exist. , . . . ∈ K − G and u = (1, 1, . . . ) ∈ G. Hence x n → x(G), so (x n ) ∈ F . However there is no y ∈ G with x n → y(G). We conclude that H is not a G-ru-complete subset of G, a contradiction.
Nevertheless the following result is valid. Let (x n ) be a sequence in H, (x n ) ∈ F . According to (I), (x n ) is u-uniformly Cauchy for some 0 < u ∈ H. This yields that (x n ) is bounded in H. Thus there are a, b ∈ H, a < b with a ≤ x n ≤ b for any n ∈ N. We get 0 < b − a ∈ H, b − a ≤ g 1 + · · · + g n , 0 < g 1 ∈ G i 1 , . . . , 0 < g n ∈ G i n for some i 1 , . . . , i n ∈ I. As every interval of a G-ru-complete subset of G is also G-ru-complete, applying G-ru-completeness of G i k , we deduce that [0, g k ] is G-ru-complete for k = 1, . . . , n. The idea of the proof of 4.12 is the same as that of [8, 4.12] . J . J a k u bí k [19] studied convergence with a fixed regulator in lattice ordered groups and has obtained an analogous result to 4.12 by using a different procedure from that presented here.
Let H be a convex l-subgroup of G. If H satisfies (I) then H is ru-complete if and only if H is G-ru-complete. Hence we get:
Ì ÓÖ Ñ 4.13º Let S = {G i : i ∈ I} be the system of all convex l-subgroups of G which are ru-complete and H = i∈I G i . If all G i and H satisfy (I), then H is a greatest ru-complete convex l-subgroup of G.
